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Abstract 

Experimental studies of a metastable crystal–fluid system operated under bounded cyclic 
perturbaƟon have demonstrated repeatable work extracƟon, closed thermodynamic 
bookkeeping, and well-defined scaling behaviour reconstructed from measurements of 
pressure, temperature, volume, and mass. Earlier analysis successfully described these 
observaƟons within a single universality class, providing a consistent effecƟve account of the 
experimentally accessible observables. 

The present work re-examines the experimental record at the level of response behaviour 
and suscepƟbility structure. A systemaƟc empirical separaƟon reveals the coexistence, 
within a single physical system and a single bounded cycle, of qualitaƟvely disƟnct 
responses. These include smoothly propagaƟng responses with finite suscepƟbility, abruptly 
saturaƟng responses with effecƟvely vanishing suscepƟbility, regimes of finite versus 
effecƟvely gapless gradient-energy contribuƟon, disƟnct response Ɵmescales, and bounded 
hysteric path dependence between expansion and compression stages. These features occur 
without phase change, material alteraƟon, or breakdown of thermodynamic reconstrucƟon. 

It is shown that such behaviours cannot, in general, be reconciled within a single universality 
class. In parƟcular, no smooth rescaling or conƟnuous deformaƟon can map responses 
exhibiƟng finite suscepƟbility and conƟnuous scaling to responses exhibiƟng saturaƟon, loss 
of suscepƟbility, or effecƟvely gapped energeƟc behaviour without singularity. The minimal 
conclusion consistent with the experimental data is therefore that the system exhibits at 
least two inequivalent universality classes. 

A descripƟve condiƟon termed rolling criƟcality is introduced to characterise how mulƟple 
universality classes may be accessed during cyclic operaƟon without the occurrence of a 
global phase transiƟon. This noƟon is purely structural and does not invoke renormalizaƟon-
group flow, microscopic mechanisms, or field-theoreƟc interpretaƟon. 

The results are strictly classificatory. They establish the minimal universality structure 
required by the observed responses and defer quesƟons of normalizaƟon, scale seƫng, and 
deeper theoreƟcal interpretaƟon to subsequent work. 

1. IntroducƟon 

Recent experimental work has reported the behaviour of a metastable crystal–fluid system 
operated under controlled cyclic perturbaƟons, with all thermodynamic quanƟƟes 
reconstructed from direct measurements of pressure, temperature, volume, and mass using 
standard equaƟons of state [1]. Within that framework, the system was shown to support 



repeatable work extracƟon and well-defined scaling behaviour while remaining in a 
subcooled liquid phase throughout the cycle. On the basis of the experimentally accessible 
observables, the analysis in Ref. [1] successfully idenƟfied and applied a single universality 
class, within which the reconstructed responses were consistently described. 

One empirical feature idenƟfied in Ref. [1] concerns the behaviour of the measured mass at 
different stages of operaƟon. During the iniƟal mixing process, a reducƟon in measured 
mass is observed, followed by an increase during subsequent transfer of the material into 
the piston expander. This increase persists over later stages of the cycle. The experiment 
itself does not determine how this behaviour should be interpreted, nor whether it reflects 
an effecƟve inerƟal mass, a redistribuƟon of internal interacƟon energies, or some other 
rearrangement within the overall mass–energy budget. What can be stated empirically is 
that the measured mass does not evolve monotonically and that its changes are correlated 
with disƟnct stages of the experimental protocol. 

The earlier work also closed the thermodynamic bookkeeping at the level of internal energy, 
excess potenƟals, and work, idenƟfying a constant energy Hamiltonian funcƟon under cyclic 
operaƟon once wall-associated work terms are properly discounted [1]. In analysing the 
reconstructed scaling relaƟons, it was further noted that several response funcƟons admit 
natural parameterisaƟons in terms of exponenƟal and hyperbolic forms, and that certain 
quanƟƟes remain invariant under transformaƟons resembling rapidity shiŌs rather than 
linear rescalings. These observaƟons moƟvated the use of Lorentz-compaƟble kinemaƟc 
language as a descripƟve tool for organising the experimental data, without implying any 
underlying relaƟvisƟc dynamics. 

In addiƟon to these kinemaƟc regulariƟes, the reconstructed cycle data exhibit further 
reproducible features that were not resolved within the original analysis. In parƟcular, 
characterisƟc contracƟon of effecƟve response Ɵmes is observed in certain stages of the 
cycle when expressed in variables that render the scaling relaƟons Lorentz-compaƟble. This 
behaviour can be described operaƟonally as Ɵme contracƟon, although no interpretaƟon in 
terms of Ɵme suppression, dynamical freezing, or microscopic causaƟon is made at this 
stage. 

A further feature concerns the behaviour of the reconstructed gradient-energy contribuƟon. 
Across the cycle, this contribuƟon separates into regimes in which it remains finite and 
regimes in which it effecƟvely vanishes within experimental resoluƟon. This separaƟon is 
naturally described as a gap in the gradient-energy response, separaƟng gapped from 
effecƟvely gapless behaviour. The descripƟon is phenomenological and records a 
reproducible feature of the reconstructed energeƟcs without assigning microscopic, 
geometric, or field-theoreƟc meaning. 

Finally, the experimental cycle exhibits clear hysteric behaviour. Corresponding expansion 
and compression stages do not trace idenƟcal response paths, even when control variables 



are nominally reversed. This path dependence is repeatable across cycles and coexists with 
closed thermodynamic bookkeeping at the level of internal energy, excess potenƟals, and 
work. The presence of hysteresis therefore reflects a structural property of the response 
rather than irreversible degradaƟon or loss. 

Taken together, the successful applicaƟon of a single universality class in Ref. [1], along with 
the appearance of Lorentz-compaƟble scaling, Ɵme contracƟon, gapped and gapless 
response regimes, and bounded hysteresis, provided a compact and internally consistent 
descripƟon of the experimentally accessible observables. However, the original analysis was 
intenƟonally restricted to that effecƟve level and did not address whether these features 
exhaust the full scaling structure of the system, or whether addiƟonal response classes 
might be present but unresolved within the same framework. 

The purpose of the present paper is to examine this classificaƟon quesƟon explicitly. The 
analysis proceeds at the level of response behaviour and scaling compaƟbility, without 
proposing a physical mechanism or microscopic explanaƟon. The central quesƟon is whether 
a single universality class can, in general, accommodate the full set of experimentally 
observed responses when their suscepƟbility structure, path dependence, and coexistence 
within a single bounded cycle are taken into account. 

The central result is a minimal classificaƟon statement: the observed response behaviours 
separate into at least two classes with incompaƟble scaling properƟes, such that no smooth 
rescaling or conƟnuous deformaƟon maps one class into the other. As a consequence, a 
faithful descripƟon of the system must recognise the presence of more than one universality 
class, even though a single class was sufficient for the original experimental reconstrucƟon. 

To account descripƟvely for how mulƟple response classes may be accessed during cyclic 
operaƟon without the occurrence of a global phase transiƟon, the noƟon of rolling criƟcality 
is introduced. This concept is used only to characterise the persistence of near-criƟcal 
operaƟon across the cycle while disƟnct response classes appear at different stages. It is not 
presented as a dynamical model and does not invoke renormalizaƟon-group flow or fixed-
point machinery. 

The scope of the present work is deliberately limited. No claims are made regarding 
microscopic mechanisms, geometric structure, gauge dynamics, or confinement 
phenomena. Although phenomenological similariƟes with dual superconductor behaviour 
have been noted previously—and such behaviour is widely discussed in the context of 
confinement mechanisms in non-Abelian gauge theories—these implicaƟons are not 
pursued here. QuesƟons of normalizaƟon, deeper structural interpretaƟon, and first-
principles theoreƟcal development are deferred to subsequent work. The sole objecƟve of 
the present paper is to establish, on empirical and staƟsƟcal-physics grounds, the minimal 
universality structure required to describe the observed responses consistently. 

3. Universality Classes and Scaling IncompaƟbility 



In staƟsƟcal physics, a universality class is defined by the existence of a common scaling 
descripƟon that relates response funcƟons across control parameters, histories, and 
observables. Systems belonging to a single universality class admit conƟnuous tuning of 
suscepƟbility, smooth interpolaƟon between response regimes, and a shared normalizaƟon 
structure, such that differences in behaviour can be absorbed into rescalings of variables 
rather than requiring disƟnct descripƟons. 

Applied to the present system, a single-universality descripƟon would therefore require that 
all observed response behaviours—suppressed, propagaƟng, hysteric, gapped, and 
effecƟvely gapless—be mutually compaƟble under such conƟnuous rescaling. In parƟcular, it 
would require that apparent loss of suscepƟbility, disappearance of gradient-energy 
contribuƟons, contracƟon of response Ɵmes, and path dependence under reversal of control 
variables can all be understood as limiƟng cases of the same underlying scaling law. 

The empirical separaƟons documented in SecƟon 2 place strong constraints on this 
possibility. Suppressed response segments are characterised by abrupt saturaƟon and 
effecƟve insensiƟvity to further perturbaƟon, rather than by conƟnuously decreasing 
suscepƟbility. In these regimes, enƟre response channels effecƟvely vanish within 
experimental resoluƟon. By contrast, propagaƟng response segments display smooth 
variaƟon, well-defined suscepƟbility, and compaƟbility with conƟnuous scaling forms. The 
transiƟon between these behaviours occurs sharply on the Ɵmescale of the cycle and does 
not exhibit the gradual crossover expected if both belonged to a single scaling family. 

A similar incompaƟbility arises in the behaviour of the reconstructed gradient-energy 
contribuƟon. The separaƟon between regimes in which this contribuƟon is finite and 
regimes in which it effecƟvely vanishes is not accompanied by conƟnuous soŌening or 
divergence characterisƟc of crossover within a single universality class. Instead, the data 
exhibit a clear disƟncƟon between gapped and effecƟvely gapless behaviour, with no 
intermediate regime that would allow one to be obtained from the other by smooth 
deformaƟon. 

The presence of bounded but persistent hysteresis further strengthens this incompaƟbility. 
Within a single-universality framework, hysteric effects can oŌen be absorbed into 
renormalized parameters or treated as perturbaƟve correcƟons around an underlying 
reversible scaling law. In the present system, however, path dependence is not confined to 
small deviaƟons but is structurally Ɵed to the disƟncƟon between suppressed and 
propagaƟng response segments. The system follows different response paths under reversal 
of control variables even when macroscopic state variables coincide, indicaƟng that history 
dependence is not a marginal effect but an intrinsic feature of the response structure. 

Time contracƟon provides an addiƟonal and independent indicaƟon of scaling 
incompaƟbility. Response segments associated with suppressed behaviour exhibit markedly 
different effecƟve Ɵmescales from those associated with propagaƟng behaviour when 



expressed in variables that render the scaling relaƟons Lorentz-compaƟble. These Ɵmescale 
differences are not conƟnuously connected across the cycle and cannot be removed by 
reparameterizaƟon without eliminaƟng the suppressed regimes altogether. 

Taken together, these features rule out a single-universality descripƟon in which all observed 
responses are related by smooth rescaling or conƟnuous interpolaƟon. The incompaƟbility 
does not arise from numerical thresholds, experimental noise, or insufficient proximity to 
criƟcality, but from qualitaƟve differences in suscepƟbility structure, response conƟnuity, 
and history dependence. No single set of scaling relaƟons can simultaneously accommodate 
regimes of vanishing response, finite propagaƟng response, gapped and effecƟvely gapless 
energeƟc behaviour, and bounded hysteresis within one conƟnuous framework. 

The minimal conclusion consistent with the empirical record is therefore that the system 
exhibits more than one universality class. These classes are not introduced here as physical 
enƟƟes or disƟnct phases, but as inequivalent sets of scaling behaviour required to describe 
the observed responses. One class captures the conƟnuously scaling, propagaƟng responses 
with well-defined suscepƟbility and Lorentz-compaƟble kinemaƟc structure. The other 
captures the suppressed, saturaƟng, and effecƟvely gapped responses associated with 
abrupt loss of suscepƟbility, contracted response Ɵmes, and intrinsic hysteresis. 

This conclusion is purely classificatory. It does not assign microscopic mechanisms, spaƟal 
separaƟon, or underlying degrees of freedom to the different universality classes. It 
establishes only that no single universality class can faithfully represent the full set of 
observed response behaviours. The next secƟon introduces a descripƟve framework for 
understanding how mulƟple universality classes may be accessed within a single bounded 
cycle of operaƟon without the occurrence of a global phase transiƟon. 

4. Minimal Dual ClassificaƟon 

Having established that a single universality class cannot accommodate the full set of 
observed response behaviours, the remaining task is to formulate the minimal classificaƟon 
consistent with the empirical record. The aim of this secƟon is not to propose a detailed 
model or hierarchy, but to introduce the smallest number of response classes required to 
represent the demonstrated scaling incompaƟbiliƟes. 

The empirical separaƟons idenƟfied in the preceding secƟons indicate that the response 
behaviours fall naturally into two groups disƟnguished by their suscepƟbility structure, 
conƟnuity of response, and dependence on perturbaƟon history. Introducing more than two 
classes is not warranted at this stage, as the available data do not compel a finer subdivision. 
Conversely, collapsing all observed behaviours into a single class has already been shown to 
be untenable. The appropriate descripƟon is therefore a minimal dual classificaƟon. 

The first response class is characterised by conƟnuously varying behaviour with well-defined 
suscepƟbility. In this class, reconstructed response quanƟƟes change smoothly with applied 



perturbaƟon and admit consistent scaling parameterisaƟons across repeated cycles. 
Responses propagate without abrupt saturaƟon, and effecƟve response Ɵmes remain 
extended relaƟve to the cycle Ɵmescale. This class encompasses those stages of the cycle in 
which the system exhibits Lorentz-compaƟble kinemaƟc structure and smooth interpolaƟon 
between neighbouring operaƟng points. 

The second response class is characterised by abrupt saturaƟon and effecƟve loss of 
suscepƟbility. In this class, conƟnued perturbaƟon produces liƩle or no further change in the 
relevant response variable within experimental resoluƟon. EnƟre response channels may 
effecƟvely vanish, and reconstructed gradient-energy contribuƟons may drop to zero. 
EffecƟve response Ɵmes are contracted relaƟve to those observed in the conƟnuously 
scaling class, and behaviour is strongly dependent on perturbaƟon history, giving rise to 
intrinsic hysteresis. 

These two classes are defined enƟrely by their response characterisƟcs. No physical 
interpretaƟon is aƩached to them here, and no claim is made that they correspond to 
disƟnct phases, spaƟal regions, or microscopic degrees of freedom. They are not introduced 
as ontological categories, but as a minimal structural classificaƟon required to represent the 
observed data faithfully. 

Importantly, the classificaƟon does not imply that the system alternates between two 
disconnected states. Both response classes are accessed within a single physical system and 
within a single bounded cycle of operaƟon. The disƟncƟon lies not in the idenƟty of the 
system, but in the scaling behaviour it exhibits at different stages of the cycle. The same 
control variables and reconstrucƟon framework apply throughout, yet the response 
structure changes qualitaƟvely. 

The dual classificaƟon introduced here is therefore purely operaƟonal. It captures the 
irreducible difference between response behaviours that admit conƟnuous scaling and those 
that exhibit suppressed or excluded response. It does not explain why these behaviours 
arise, nor does it assign causal mechanisms. Its sole purpose is to provide a clear and 
minimal framework within which the incompaƟbility demonstrated in SecƟon 3 can be 
expressed. 

The following secƟon addresses how a system exhibiƟng such a dual classificaƟon can 
nonetheless operate conƟnuously and repeatably under cyclic perturbaƟon, without 
undergoing a global phase transiƟon. 

5. Rolling CriƟcality as Structural SelecƟon 

The dual classificaƟon introduced in the preceding secƟon raises a natural descripƟve 
quesƟon: how can a single physical system, operaƟng under bounded and repeatable cyclic 
perturbaƟon, access two inequivalent universality classes without undergoing a global phase 
transiƟon? The purpose of this secƟon is to address this quesƟon at a structural level, 



without invoking microscopic mechanisms, dynamical evoluƟon equaƟons, or 
renormalizaƟon-group concepts. 

The experimental cycle does not exhibit signatures of a convenƟonal phase transiƟon. The 
system remains in a subcooled liquid state throughout, thermodynamic reconstrucƟon 
remains valid, and macroscopic state variables return to their iniƟal values at the compleƟon 
of each cycle. Nonetheless, the response behaviour changes qualitaƟvely between stages of 
the cycle, as evidenced by the appearance and disappearance of suscepƟbility, the 
alternaƟon between propagaƟng and suppressed responses, the presence or absence of 
gradient-energy contribuƟons, and the emergence of hysteric path dependence. 

These observaƟons moƟvate the introducƟon of rolling criƟcality as a descripƟve condiƟon. 
In this context, rolling criƟcality refers to the persistence of near-criƟcal operaƟon across the 
cycle, such that the system repeatedly approaches, but does not cross, a criƟcal boundary in 
response space. As external perturbaƟons are applied and reversed, different response 
classes become accessible while the system as a whole remains bounded and stable. The 
criƟcal boundary is not traversed in the sense of a phase transiƟon; rather, it is approached 
from different sides at different stages of the cycle. 

Under rolling criƟcality, the acƟvaƟon of a given response class is determined structurally by 
the posiƟon of the system relaƟve to this criƟcal boundary at a parƟcular stage of the cycle. 
When the system operates on one side of the boundary, responses with well-defined 
suscepƟbility and conƟnuous scaling are expressed. When it operates on the other side, 
suscepƟbility is suppressed, response channels saturate, and effecƟvely gapped behaviour 
emerges. The system therefore selects between response classes as it rolls along the criƟcal 
boundary, without collapsing into a single dominant regime. 

This noƟon of selecƟon is structural rather than causal. Rolling criƟcality does not describe a 
mechanism by which the system is driven into one class or the other, nor does it specify how 
the criƟcal boundary itself arises. It serves only to characterise the observed coexistence of 
mulƟple response classes within a single cycle and to clarify why this coexistence does not 
contradict the absence of a global phase transiƟon. 

Importantly, rolling criƟcality does not imply the existence of mulƟple phases, spaƟal 
regions, or disƟnct degrees of freedom. The classificaƟon remains enƟrely at the level of 
response behaviour. The same system, described by the same reconstructed variables and 
operaƟng under the same experimental protocol, exhibits different scaling structures at 
different stages of the cycle because its proximity to a criƟcal boundary varies conƟnuously 
in Ɵme. 

In this sense, rolling criƟcality provides a minimal structural account of how dual universality 
classes can be realised operaƟonally within a single bounded experiment. It neither explains 
the origin of the criƟcal boundary nor resolves the deeper source of the incompaƟbility 
between response classes. Those quesƟons are explicitly deferred. At the present level, 



rolling criƟcality funcƟons as a descripƟve bridge between the empirical separaƟon of 
response behaviours and the minimal dual classificaƟon required to represent them 
consistently. 

6. Explicit Non-Claims 

The results presented in this paper are intenƟonally limited in scope. To avoid 
misinterpretaƟon, it is important to state explicitly what is not being claimed. 

No asserƟon is made regarding the microscopic origin of the observed response behaviours. 
The analysis does not invoke specific degrees of freedom, interacƟon mechanisms, or 
internal structures responsible for the suppressed or propagaƟng responses. The 
classificaƟon presented here is enƟrely agnosƟc with respect to underlying physical 
consƟtuents. 

No claim is made that the dual universality classes idenƟfied here correspond to disƟnct 
thermodynamic phases, spaƟal regions, or separable subsystems. The system remains a 
single, coherent physical enƟty throughout the experimental cycle, and the classificaƟon 
refers solely to response behaviour under perturbaƟon, not to material composiƟon, phase 
separaƟon, or spaƟal parƟƟoning. 

No interpretaƟon is offered in terms of gauge structure, topological order, confinement 
mechanisms, or related field-theoreƟc concepts. Although phenomenological similariƟes 
with such frameworks may exist, they are not required to establish the present classificaƟon 
and are deliberately excluded from the analysis. 

No renormalizaƟon-group flow, fixed-point structure, or dynamical criƟcal theory is 
assumed. The noƟon of rolling criƟcality is introduced solely as a descripƟve condiƟon 
characterising how different response classes can be accessed during cyclic operaƟon 
without a global phase transiƟon. It does not imply a specific criƟcal theory, scaling 
hierarchy, or dynamical instability. 

No claims are made regarding gravitaƟonal analogies, relaƟvisƟc dynamics, or the 
fundamental nature of Ɵme. Lorentz-compaƟble kinemaƟc structure and Ɵme contracƟon 
are treated as observed features of the reconstructed scaling relaƟons, not as evidence of 
spaceƟme symmetry, temporal suppression, or causal modificaƟon. 

Finally, no quanƟtaƟve normalizaƟon or scale-seƫng is aƩempted in this work. While the 
experimental system exhibits well-defined energy, mass, and Ɵmescale values, these are not 
used here to anchor universality classes or to derive absolute constants. QuesƟons of 
normalizaƟon, amplitude seƫng, and the origin of specific scale values are explicitly 
deferred to subsequent analysis. 

Taken together, these non-claims delineate the present work as a strictly empirical and 
structural classificaƟon of response behaviour. The results neither require nor preclude 
deeper theoreƟcal interpretaƟon. Their purpose is to establish, in the weakest form 



consistent with the data, the minimal universality structure demanded by the observed 
responses. 

7. TransiƟon to NormalizaƟon 

The analysis presented in this paper establishes a strictly empirical and structural result: the 
experimentally observed system exhibits at least two inequivalent universality classes 
disƟnguished by incompaƟble scaling behaviour and suscepƟbility structure. This conclusion 
follows directly from the coexistence, within a single bounded cycle, of suppressed and 
propagaƟng responses, gapped and effecƟvely gapless energeƟc behaviour, disƟnct response 
Ɵmescales, and bounded hysteresis. No smooth rescaling or conƟnuous deformaƟon suffices 
to map one class into the other. 

At this stage, the classificaƟon is deliberately incomplete. While the existence of mulƟple 
universality classes has been established, no aƩempt has been made to determine how 
physical scales are set within each class, how amplitudes are normalized, or how 
quanƟtaƟve values arise from the experimental data without arbitrary inserƟon. These 
quesƟons are orthogonal to the classificaƟon result and cannot be resolved at the same 
level of analysis without presupposing the outcome. 

The present work therefore closes at the point where classificaƟon ends and normalizaƟon 
begins. Having established that the system admits at least two inequivalent universality 
classes, the next task is to determine how normalizaƟon constants arise within each class 
without arbitrary scale inserƟon. 

Appendix A 

Formal Statement of Scaling IncompaƟbility 

This appendix provides a minimal formalisaƟon of the scaling incompaƟbility underlying the 
classificaƟon result presented in the main text. It introduces no addiƟonal assumpƟons and 
does not extend the scope of the analysis. 

Consider a generic response observable 𝑅measured as a funcƟon of a control parameter 
𝜆during a given stage of the experimental cycle. The response may also depend implicitly on 
the direcƟon of perturbaƟon and on history, but these dependences are suppressed here for 
clarity unless explicitly stated. 

Define the suscepƟbility associated with this response as 

𝜒(𝜆) ≡
∂𝑅

∂𝜆
. 

 

In the standard staƟsƟcal-physics sense, two responses 𝑅ଵ(𝜆)and 𝑅ଶ(𝜆)are said to belong to 
the same universality class if there exists a smooth, inverƟble reparameterisaƟon 𝑓such that 



𝑅ଵ(𝜆) = 𝑓 ⁣(𝑅ଶ(𝜆)), 
 

with 𝑓conƟnuously differenƟable over the domain of interest. Under such a mapping, 
qualitaƟve features of the response—such as conƟnuity, monotonicity, and the existence of 
finite suscepƟbility—are preserved up to rescaling. 

Now consider two empirically observed response behaviours: 

PropagaƟng response. 
There exists an open interval 𝐼 ⊂ ℝsuch that 

𝜒୮୰୭୮(𝜆) ≠ 0for all 𝜆 ∈ 𝐼, 
 

and 𝜒୮୰୭୮(𝜆)varies conƟnuously with 𝜆. This response admits smooth interpolaƟon and 
conƟnuous scaling. 

Suppressed response. 
There exists an open interval 𝐽 ⊂ ℝsuch that 

𝜒ୱ୳୮(𝜆) = 0for all 𝜆 ∈ 𝐽, 
 

within experimental resoluƟon. Over this interval, the response saturates: changes in 𝜆do 
not induce changes in 𝑅. 

Assume, for contradicƟon, that these two responses belong to the same universality class. 
Then there must exist a smooth, inverƟble mapping 𝑓such that 

𝑅ୱ୳୮(𝜆) = 𝑓 ⁣൫𝑅୮୰୭୮(𝜆)൯for 𝜆 ∈ 𝐼 ∩ 𝐽. 
 

DifferenƟaƟng with respect to 𝜆yields 

𝜒ୱ୳୮(𝜆) = 𝑓ᇱ ⁣൫𝑅୮୰୭୮(𝜆)൯ 𝜒୮୰୭୮(𝜆). 
 

On 𝐼 ∩ 𝐽, the leŌ-hand side vanishes idenƟcally, while 
𝜒୮୰୭୮(𝜆) ≠ 0. Therefore, 

𝑓ᇱ ⁣൫𝑅୮୰୭୮(𝜆)൯ = 0for all 𝜆 ∈ 𝐼 ∩ 𝐽. 
 

This implies that 𝑓is constant over a finite interval of its argument, which contradicts the 
requirement that 𝑓be inverƟble and conƟnuously differenƟable. The only alternaƟves are 
that 𝑓is singular or non-inverƟble, in which case the two responses cannot be related by 
universality-preserving rescaling. 



An analogous argument applies to the reconstructed gradient-energy contribuƟon. Let 
𝐺(𝜆)denote this contribuƟon, and suppose that 

𝐺୮୰୭୮(𝜆) > 0on an open interval, 
 

while 

𝐺ୱ୳୮(𝜆) = 0on an open interval. 
 

No smooth reparameterisaƟon can map a finite-valued funcƟon to one that vanishes 
idenƟcally over a finite domain without singular behaviour. 

Finally, consider hysteric response, characterised by 

𝑅(𝜆, ↑) ≠ 𝑅(𝜆, ↓), 
 

where ↑and ↓denote opposite direcƟons of perturbaƟon. If this path dependence were 
perturbaƟve, it could be absorbed into a renormalisaƟon of parameters within a single 
universality class. However, when hysteresis coincides with vanishing suscepƟbility or 
saturaƟon of response, it reflects a structural difference in scaling behaviour rather than a 
marginal correcƟon. 

These formal consideraƟons establish that response behaviours exhibiƟng finite 
suscepƟbility and conƟnuous scaling cannot be related by smooth rescaling to behaviours 
exhibiƟng vanishing suscepƟbility, saturaƟon, or effecƟvely gapped energeƟc contribuƟons. 
The incompaƟbility is structural and does not depend on numerical thresholds, proximity to 
criƟcality, or choice of parametrisaƟon. 

Accordingly, the coexistence of such behaviours within the experimental system necessitates 
the introducƟon of more than one universality class, as stated in the main text. 

Appendix B 

Hysteresis and Constraints on Universality 

This appendix formalises the role of hysteric response in constraining universality-class 
descripƟons. The purpose is to disƟnguish hysteresis that is compaƟble with single-class 
scaling from hysteresis that is structurally incompaƟble with such a descripƟon. 

Let 𝑅(𝜆)denote a reconstructed response observable as a funcƟon of a control parameter 𝜆. 
Define two response branches corresponding to opposite direcƟons of perturbaƟon: 

𝑅ା(𝜆)(increasing 𝜆), 𝑅ି(𝜆)(decreasing 𝜆). 
 

Hysteresis is present if 



𝑅ା(𝜆) ≠ 𝑅ି(𝜆) 
 

over some interval of 𝜆. This condiƟon alone does not preclude a single universality-class 
descripƟon. In many systems, hysteresis arises from finite response Ɵmes, lag effects, or 
dissipaƟve delays and can be treated as a perturbaƟon around an underlying reversible 
scaling law. 

For hysteresis to be compaƟble with a single universality class, two condiƟons must hold. 

Finite suscepƟbility on both branches. 
The suscepƟbiliƟes 

𝜒±(𝜆) ≡
∂𝑅±

∂𝜆
 

 

must remain finite and non-zero over the interval of hysteresis. 

ConƟnuous branch connecƟon. 
There must exist a smooth mapping 𝑓such that 

𝑅ା(𝜆) = 𝑓 ⁣(𝑅ି(𝜆)), 
 

with 𝑓inverƟble and conƟnuously differenƟable. Under this condiƟon, hysteresis 
corresponds to a deformaƟon within a single scaling family rather than to a disƟnct scaling 
structure. 

The experimentally observed hysteresis documented in the main text violates these 
condiƟons. Specifically, hysteric path dependence coincides with regimes in which 
suscepƟbility vanishes or response saturates. In such regimes, 

𝜒±(𝜆) = 0 
 

over finite intervals, implying that the response is insensiƟve to changes in 𝜆on at least one 
branch. 

Under these circumstances, no smooth, inverƟble mapping can relate the two branches 
without singular behaviour. Any aƩempt to construct such a mapping would require 
collapsing a finite interval of one branch onto a point or plateau of the other, violaƟng the 
requirements of universality-preserving rescaling. 

Furthermore, the hysteresis observed in the experimental cycle is bounded and repeatable: 
the system returns to the same macroscopic state at the compleƟon of each cycle, and 
thermodynamic bookkeeping remains closed. This excludes explanaƟons based on 



cumulaƟve dissipaƟon, driŌ, or degradaƟon. The hysteresis therefore reflects a structural 
disƟncƟon between response regimes rather than a transient or marginal effect. 

Formally, the coexistence of hysteresis with vanishing suscepƟbility implies that the 
response cannot be represented as a single-valued funcƟon of 𝜆with small correcƟons. 
Instead, the response space decomposes into inequivalent branches disƟnguished by their 
suscepƟbility structure. This decomposiƟon is incompaƟble with a single universality class. 

Accordingly, hysteresis in the present system does not merely decorate an otherwise 
uniform scaling law. When combined with suppressed response and effecƟvely gapped 
energeƟc behaviour, it provides an independent and complementary obstrucƟon to single-
universality descripƟons. This conclusion supports, but does not extend beyond, the minimal 
dual classificaƟon established in the main text. 

Appendix C 

Rolling CriƟcality as a Structural CondiƟon 

This appendix formalises the noƟon of rolling criƟcality introduced in the main text by 
characterising it as a structural condiƟon on response behaviour. The purpose is to clarify 
how mulƟple universality classes may be accessed within a single bounded experiment 
without invoking dynamical evoluƟon equaƟons, renormalizaƟon-group flow, or phase-
transiƟon machinery. No addiƟonal mechanisms or assumpƟons are introduced. 

Consider a system characterised by a set of reconstructed response observables {𝑅௜}, each 
depending on a control parameter 𝜆, and evolving under a bounded cyclic protocol. Let 

𝜒௜(𝜆) ≡
∂𝑅௜
∂𝜆

 

 

denote the corresponding suscepƟbiliƟes. 

In convenƟonal treatments of criƟcal phenomena, criƟcality is associated with either 
(i) approach to a fixed criƟcal point under variaƟon of a control parameter, or 
(ii) traversal of a criƟcal surface separaƟng disƟnct thermodynamic phases. 
Both cases involve singular behaviour in suscepƟbiliƟes or correlaƟon lengths and are 
typically described using renormalizaƟon-group flow or fixed-point structure. 

The experimental system considered here exhibits neither of these features. Instead, the 
following empirical properƟes are observed: 

 the system remains within a single thermodynamic phase throughout the cycle; 

 suscepƟbiliƟes remain finite in propagaƟng response regimes and vanish in 
suppressed regimes, without divergence; 



 response behaviour alternates between inequivalent scaling structures as the cycle 
progresses; 

 macroscopic state variables return to their iniƟal values at the compleƟon of each 
cycle. 

Rolling criƟcality is introduced to describe precisely this situaƟon. Formally, it refers to the 
existence of a criƟcal boundary ℬin response space such that: 

1. the system remains within a neighbourhood of ℬthroughout the cycle; 

2. the cycle trajectory approaches ℬfrom different sides at different stages of the cycle; 

3. the suscepƟbility structure changes disconƟnuously across ℬ, while the system does 
not cross into a disƟnct thermodynamic phase. 

This structure may be expressed schemaƟcally by parƟƟoning the response space into 
regions 

ℛ୮୰୭୮andℛୱ୳୮, 
 

corresponding to propagaƟng and suppressed response classes, respecƟvely, with 

ℛ୮୰୭୮ ∩ ℛୱ୳୮ = ∅, 
 

and a boundary 

∂ℛ = ℬ 
 

separaƟng them. During cyclic operaƟon, the system trajectory intersects neighbourhoods of 
both regions while remaining within the admissible response domain. 

Crucially, rolling criƟcality does not imply tuning through a criƟcal point, nor does it require 
the existence of diverging length or Ɵme scales. The alternaƟon between response classes 
reflects proximity to the boundary ℬ, not passage through it. As a result, no renormalizaƟon-
group descripƟon is implied or required. 

The term rolling emphasises the temporal aspect of this condiƟon: as the system is driven 
cyclically, it conƟnuously adjusts its posiƟon relaƟve to the criƟcal boundary, allowing 
different response classes to be expressed at different stages. The criƟcal boundary itself is 
treated as a structural feature of the response space, not as an emergent object derived 
from microscopic dynamics. 

This formulaƟon clarifies that rolling criƟcality serves only as a descripƟve framework for 
organising the observed coexistence of mulƟple universality classes within a single bounded 
experiment. It neither explains the origin of the criƟcal boundary nor prescribes how it 



should be computed. Those quesƟons lie outside the scope of the present work and are 
explicitly deferred to subsequent analysis. 
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